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Background

e Non-negative matrix factorization (NMF) is an unsupervised machine learning
technique created by Lee & Seung in 1999.

e |tis a versatile algorithm
o Makes a parts-based-representation of its input data
o Non-negativity of input data allows this

e Uses:

Dimensionality reduction

Data compression and approximation
Audio source separation

Text topic extraction

© O O O



Definition

= For a matrix V of dimension m x n where each element v;; = 0, NMF
decomposes it into two matrices W and H of dimensions m x  and r x n,
respectively, where each element w;; = 0 and h;; = 0 and r < min(m, n)

such that:
V= WH

= This problem, however, cannot be solved analytically so it is generally
approximated numerically:




NMF Use Case: Dimensionality Reduction

Dimensionality Reduction: Task of transforming a dataset with many dimensions
(or features) into a dataset with fewer dimensions, while losing the least amount of

information possible.

PCA Example:




Example: Face Recognition
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Example: Face Recognition
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Example: Face Recognition
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Example: Face Recognition
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Techniques for feature Reduction

Principal Component Analysis
Independent Component Analysis

Non-Negative Matrix Factorization




Example: Face Recognition
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Flattening all images




Features —
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Observations

Concatenating all vectors to form a matrix
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Vectorised images
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Example

71 Let’s take, for example, a database of face images
organized into a matrix V.

wVis 361 x 2,429, as in there are 2,429 faces that are
composed of 19x19=361 pixels, each

1 We assign V 49 bases (r = 49) and decompose it
into W and H.
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PCA

NMF vs.

The basis images are mostly empty
weighting (also sparse) that not all
parts are used when adding together
negative pixels and the weights blend
them together (neither is sparse)

space (sparse) and we see from the
PCA formed bases of positive and

a representative face

7 We see that NMF (top) forms bases
that are parts of a face






NMF vs. SVD

V = USVT

<
2
I

Formulation

Optimality (in terms of
squared distance)

Speed & robustness

Uniqueness

Sensitivity to initialization

Orthogonality

Sparsity

Non-negativity
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Optimization

Problem: Minimize ||V — WH||* with respect to W and H, subject
to the constraints W, H = 0.

Often, the Euclidien or Frobenius distance is used

1 Possible numerical methods:

Coordinate Descent (alternate: fix W and optimize H, fix H and
optimize W until tolerance is met)

Multiplicative Update using the following update step:

(WTV)a,
(WTWH).a,

(VHT)q

Ha[l - Ha[l (‘1'HHT)IO

Wia + Wia

= Note that both of these methods merely find a local minimum,
but that is often useful enough



How to calculate Multiplicative Update Rules (MURs)?

min [V - WH|5, st. W >0,H > 0.
W.H

C= |V -WHI}, =T (V- WH) (v - WH))

C=Tt(V'V-V WH-H W'V+H W WH)



Problem can be solved by alternating minimization

C=Tr(VV-VWH-H'W'V+H W 'WH)
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Gradient descent algorithm

Input: Vdataset, r factor
1. Initializing W, H randomly

2. fori1=1:maxiter
3.
- VHT
4, Updating Wby wwae T
w'Tv

5. Updating H by H«HO e

6. end
Output. W, H




NMF as a Data Clustering Algorithm
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Example: Text Clustering

Dictionary
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Example: Text Clustering
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Example: Graph Clustering
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Example: Recommendation System
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categorization of NMF models

NMF |
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Constrained Basic Structured Generalized
NMEF NMF NMF NMF
Sparse ||Orthogonal || Discriminant || NMF on Weighed || Convolutive Semi- Kernel
NMF NMF NMEF manifold NMF NMEF NMTE N || NTE L NMSE v




Regularized and Constraint NMF
Sparse NMF Orthogonal NMF

| 5 T
min A~ WH|+ XY |hil, 2
._ o ONMF-H : min |[A - WH|;,
W . H

| ) ) st. W, H>0H' ' H=1.
min || A — WHI[}, + AZT |wi

, , ONMF-W : min |A — WH]||;
min A - WHI|, + A |[|[W]| W, H

w.H st. W, H>0,WW ' =1.



NMF: the Syntax

Import the class containing the clustering method.

from sklearn.decomposition import NMF

Create an instance of the class.

nmf = NMF(n_components=3, init=‘random’)

Fit the instance and create transformed version of the data:
X_nmf = NMF fit(X)



